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Outline

Robust Estimation for Generalized Linear Models

Quantile, M-quantile, Expectile regression for discrete
outcomes

Count Response

e Quantile regression (Machado & Santos Silva, 2005,
JASA)

e Asymmetric Maximum Likelihood (Efron, 1992, JASA)

e M-Quantile regression (Tzavidis et al., 2014, SMMR)

Examples
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Quantile & M-Quantile Regression for a
Continuous Response: A Review

e Regression: model for the mean of y given x
— E(ylz) =2"p
e Quantile regression: model for the quantiles of y given x
— py(qlz) = 27 By,
(Koenker and Bassett, 1978, Econometrica)
o M-Quantile regression: 1, (q|z;v) = 273,
(Breckling and Chambers, 1988, Biometrika)
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For fixed ¢ compute B(q) by
n T
. Yi — x; By
(")
i=1

e prs leads to linear expectile regression
e pravleads to linear quantile regression

® pHuber leads to linear M-quantile regression
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| Guane, Quantile Regression - A Likelihood Perspective (Yu
worete & Moyeed, 2001, Statistics and Probability Letters)
Discrete

Outcomes Quantile Regression - A Likelihood Perspective

e Minimization of the pr 4y is equivalent to the
maximization of a likelihood function formed by combining
independently distributed Asymmetric Laplace densities

y~ ALD(u,0,q),
with pdf

fyln,o,9) = Q(lg_(ﬂ”p(_pq(ygu))

e For fixed ¢ the location parameter u is modelled as a
function of x.

M xTﬁq
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Robust Estimation for Generalized Linear Models

Cantoni & Ronchetti (JASA, 2001)

e 7, from Exponential Family
o BE(y:) =wi; V(i) =V(w); glpi) ==X B
o S, W) 0.1 = 0, (McCullagh & Nelder, 1989)

e Large deviations of y; from pu; or leverage points— >
influence

o >0 Qp‘%"/);'()g;)%ui — a(B) = 0 (Huber quasi-likelihood)

e r; Pearson residuals; w(x;) controls leverage points

e Robust estimation for the Binomial and Poisson GLMs
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Quantile, M-Quantile & Expectile Regression for
Counts

1 Machado & Santos Silva (JASA, 2005; Quantile
regression; Frequentist paradigm)

2 Lee & Neocleous (JRSS C, 2010; Quantile regression;
Bayesian paradigm)

3 Efron (JASA,1992; Expectile regression via Asymmetric
Maximum Likelihood)

4 Tzavidis et al.(Statistical Methods in Medical Research,
2014; M-Quantile regression). Extending Cantoni &
Ronchetti (JASA,2001)
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Quantiles of y are not continuous.

1y(q) = inf {6 € supp(y) [P(y < 6) > q}
=Np

e Jittering: Impose artificial smoothness by adding to y
random noise from a distribution with support in (0, 1)

e Here we use Uniform(0, 1)

e 1 — 1 relationship between the conditional quantiles of the
count and those of the jittered outcome

e Linear model (via ALD) for quantiles of jittered outcome
e Use monotonicity properties of quantiles

e Obtain estimates of the quantiles of y
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e Jittering: transform a discrete outcome into a continuous
one,

zi =y +u; with u; ~U(0,1)
independent from y;, x;

Yi Zi =Yt U
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Estimation of Quantiles for Jittered Outcome

e The quantile regression we use with the jittered outcome is

p=(alai) = g+ exp(x] By)
e This is because the quantiles of z are bounded below by ¢

due to the addition of the uniform noise

e This can be implemented as an equivalent linear model on
the following transformed outcome:

log(zi —q) ,zi>q

T(zi,q) := {

with  a small positive constant
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2. Estimation of Quantiles for Jittered Outcome

e A Linear quantile model for T'(z) is,

pre (glz) =z B

e Estimation by using MLE via the ALD likelihood
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e Jittering and estimating Bq is repeated M times leading to
averaged jittering estimators,

. 1 QL.
By = M Zﬁém)
m=1

e Estimated quantile function of z; is

fiz; (qlz;) = exp(zl By) +q
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The g-quantile estimator for (the discrete) y; is given by

ty(qlxi) = [12(glz:) — 1]
= [exp(z] By) +q — 1]

where [-| denotes the ceiling function

e See Theorem 2 (Machado & Santos Silva, JASA, 2005)



Session 2
Quantile,
M-quantile &
Expectile
Regression for
Discrete
Outcomes

An Alternative View: Asymmetric Maximum
Likelihood

Asymmetric Maximum Likelihood Estimation

(Efron, JASA,1992)

Can be seen as the result of smoothing the objective function
used to define the quantile regression estimator. Denote by D
the deviance under a population model, e.g. Poisson and by
D,, the weighted deviance

Dy(y, i) = D(y,p), y<p
Dy(y, 1) = wD(y, 1), y > p

AML Details

Solution: Minimize """ | Dy (y, i)
e Leads to a version of quantile regression for counts
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o Model for counts: Set p; = exp(z! By)

AML Details
Minimize

— 93, L — (=15 (2T I(ys>pi (e Bu))
waw)iz;[yilog(m(mm)) (it B >

0D (Bw) Z [ T8,))z Z} I(yi>pi(a] Bu)) —

e w =1 — Poisson GLM
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Expectile Approach
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Discrete
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¢ Extending Cantoni & Ronchetti (JASA, 2001)
e Proposed in Tzavidis et al. (2014, Statistical Methods in
Medical Research)

Let 1, (q|wi; ) = exp(z) B,;) = uiq. Estimate 3, by using the
following estimating equation ,

> [ s boten) s () — ] =0

=1

e Estimation: Fisher scoring algorithm

* V(iq) = ftiq

e a(f,) computed under Poisson
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AML Details

Start with Efron (1992): Minimize

Bu) = 2Z[yzlog<yz> — (i — w)w' @)

0D (By) <& a
1)86(5)) - ; [(yl - ,ul)xl} wl(y1>,ul) -0
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Regression for
Extension of Cantoni & Ronchetti

Discrete
Consider the extension of Cantoni & Ronchetti:

Outcomes

n

> [t s huten) s (52) — o)

i=1

With large tuning constant in Huber influence function and w(z;) =1

n

Z {(yl - 'uiCI)wqixz} =0

i=1
with

Wqs = [(1%1(1)](% > pig) +I(y; < Niq)}

Corresponds to Efron (1992) with w = %q
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Comparing Different Approaches to Quantile
Regression for Counts: An Example

e Generate data under the Poisson model:

e 1 =0.840.1z; y ~ Poisson(exp(n))
e Compare
e M-Quantile regression

o AML regression
e Quantile regression (via ALD & jittering)
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Table: Parameter estimates: Comparing different approaches to
quantile regression for counts

Est. MQe=08 QR MQc=100 AML

Bog2s 0.51 0.43 0.57 057
Brgos 0.08 0.09 008 0.08
Bogso 0.77 0.62 0.83 0.83
Brgso 009 0.12 008 0.08
Bogrs 110 1.08 110 1.10

Biq7s 0.08 0.08 0.07 0.07
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Table: Quantile, M-quantile & Expectile Regression

Model R Package
Poisson glm, family=Poisson
Robust GLM  glmrob, family=Poisson,(robustbase)
Quantile (ALD) lgm.counts, (lgmm)
M-Quantile CountMQ ?
Expectile amlpoisson,(VGAM)

1Tzavidis et al., SMMR,2014



