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Research question

Can quantile-like regression be
applied to categorical response
data?
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Outline

1 M-quantiles for continuous response
2 Uses in small area estimation
3 Current methods for M-quantiles for binary response
4 An alternative method for binary responses
5 Extending to categorical responses
6 Small area estimation with binary response
7 Small area estimation with categorical response
8 An example - unemployment in the UK
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Quantiles, expectiles and something in between...
ρq(ε) =

[
(1− q)I(ε≤0) + qI(ε>0)

]
ρ(ε)
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Quantiles, expectiles and something in between...
ρq(ε) =

[
(1− q)I(ε≤0) + qI(ε>0)

]
ρ(ε)

●

●

●

●

●

●

●
●

●●

●

●
●

●

●

●

● ●

●

●

●●

●

●

●

●

●
●●

●
●

●

●

●●

●

●
●

●
●

●

●

●

●

●

● ●
●

●

●

● ●

●

●

●●

●
●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

● ●

●

●

●

● ●

●

●
●●

●

●

●

●

●

●

●
●

●●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●
●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●
● ●

●
●

●

●
●

●

●

●
●

●
●

●

●

●

●
●

●

● ● ●

●

●
●

● ●

●

●

● ●
● ●

●

●
●

●●

●●

●
●

●

●

●

●

●

●●

●

●
●

●

●

●●
●

●

●●

●

●

●

●

●

● ●

●

●

●●
●

●

●

●

●
●

●

●

●●

●
●

●

●
●

●

●
●

●

●

●

●

●

●
●●

●

● ●

●

●

●

●
●

●
●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●
●
●

●

●

●
●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●●

●

●

●

●

● ●
●

● ●

●

●●
● ●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

● ●

● ●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●

●
●

●●

●

●
●

●
●

● ●
●●

● ●●●
●

●

●
●

● ●
●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●
●●

●

●

●

●

●

●

●

●●

●

●

●

● ●

●

●● ●

●
●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

● ●●
●●

●●
●

●
●●

●

●

●

●
●

●

●

●

●

●

●
●●● ● ●

●

●

●

●

●
●

●

●
●

●

●
●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●●●

●

●

●
●

●

● ●

●

●
●

●

●

●
●

● ●
●

●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●
● ●

●

●

● ●

●

● ●

●
●

●

●

●

●

●

●●

●
●

●

●
●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

● ●

●

●

●

●

●

●
●

●

●

●
●
●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●●

●

●

●

●

●

●●

●
●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●●

●

●
●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●
●

●

●
●

●

●

●
●●

●

●

●

●

●

● ●

●

●

●

●

● ●●●
●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

●

● ●

●

●
●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
● ●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●●

●

●

●
●

●

●●

●

● ●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●
●

●

●
●

●

●

●

●
●

●
●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

● ●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●●●

●

●

● ●
●

●
●

● ●

●

●

●
●

●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●● ●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

● ●

●

●

●

●
●

●

●

●

12 13 14 15 16 17

4
6

8
10

12
14

Farm Value (log $)

Fa
rm

 A
re

a 
(lo

g 
ha

)

q= 0.1

q= 0.5

q= 0.9

ε =
y−Xβq
σq

Quantile
Minimise

∑
ρq(ε) where

ρ(ε) ∝ |ε|

4 / 31



Quantiles, expectiles and something in between...
ρq(ε) =

[
(1− q)I(ε≤0) + qI(ε>0)

]
ρ(ε)
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Quantiles, expectiles and something in between...
ρq(ε) =

[
(1− q)I(ε≤0) + qI(ε>0)

]
ρ(ε)
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M-quantiles - uses in Small Area Estimation
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M-quantiles with continuous data

1 Huber M-quantiles are M-estimators with influence function:

ψq,k (x) =


−2(1− q)k , if x < −k
2(1− q)x , if − k ≤ x ≤ 0
2qx , if 0 < x ≤ k
2qk , if x > k

2 As k → 0 we get the quantile and as k →∞ we get the expectile
influence function.

3 So with continuous Y we obtain the M-quantile estimate Mq,k by
solving:

E
[
ψq,k

(
Y −Mq,k

σq

)]
= 0.

4 Where σq is a scale estimator which ensures scale equivariance
of Mq,k .
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M-quantiles with binary data

1 Quantiles for binary data are very difficult, but M-quantiles and
expectiles are nice.

2 With binary Y we obtain M-quantile estimate according to
Chambers et al (2015):

E
[
ψq,k

(
Y −Mq,k

σ(Mq,k )

)
σ(Mq,k )− α

]
= 0.

Where σ(Mq,k ) =
√

Mq,k (1−Mq,k ) and α is a correction term for
consistency.

3 Just extend this to categorical data with more than two groups?
4 Is there another way?
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Binary expectile calculation

Suppose we have Y ∼ Bernoulli(π), then a simplified binary expectile
µq is found by solving:

E
[
ψq,k=∞(Y − µq)

]
= 0

0 = E
[
2(1− q)(Y − µq)IY≤µq + 2q(Y − µq)IY>µq

]
=

1∑
y=0

[
2(1− q)(y − µq)Iy≤µq + 2q(y − µq)Iy>µq

]
Pr(Y = y)

= 2(1− q)(0− µq)(1− π) + 2q(1− µq)π

= −2(1− q)µq(1− π) + 2q(1− µq)π

which rearranges to:

µq =
πq

(1− π)(1− q) + πq
.
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Binary expectile properties

µq =
πq

(1− π)(1− q) + πq
.

Some of the properties of µq include:
1 µq → 0 as q → 0 or π → 0.
2 µq → 1 as q → 1 or π → 1.
3 µq = π when q = 0.5.
4 1− µq(Y ) = µ1−q(1− Y ).
5 When π + q = 1, µq = 0.5.
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Binary expectile regression

We can use estimates of π to get µq.

π =
exp(Xβ)

1 + exp(Xβ)

which gives estimates of µq:

µq =
exp(Xβ + log q

1−q ))

1 + exp(Xβ + log q
1−q )
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Binary expectile regression example
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Categorical expectile regression

If instead of two categorical groups we have J groups then we can use
estimates of πj to get µqj .

πj =
exp(Xβj)

1 +
∑J−1

j=1 exp(Xβj)

πJ =
1

1 +
∑J−1

j=1 exp(Xβj)

which gives estimates of µqj :

µqj =
exp(Xβj + log q

1−q )

1 +
∑J−1

j=1 exp(Xβj)− exp(Xβj) + exp(Xβj + log q
1−q )

µqJ =
1

1 +
∑J−1

j=1 exp(Xβj + log 1−q
q )
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Categorical expectile regression example
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Categorical expectile regression example
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Categorical expectile regression example
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Continuous expectile q-values
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Continuous expectile q-values

−3 −2 −1 0 1 2 3

−
6

−
4

−
2

0
2

4
6

X

Y

19 / 31



Continuous expectile q-values
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Binary expectile q-values
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Binary expectile q-values - swap groups
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Binary expectile q-values
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Categorical expectile q-values
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Categorical expectile q-values
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Categorical expectile q-values
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Example - unemployment in UK
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Binary M-quantile

Suppose we have Y ∼ Bernoulli(π), then the binary M-quantile is:

E
[
ψq,k (Y −Mq,k )

]
= 0

which can be solved and expressed as:

µq,k =



qπ
(1− q)(1− π) + qπ

, if µq,k < k ∩ µq,k > 1− k

kqπ
(1− q)(1− π)

, if µq,k < k ∩ µq,k < 1− k

1− k(1− q)(1− π)
qπ

, if µq,k > k ∩ µq,k > 1− k
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Binary M-quantile
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